In this article, we use the method of Foias and Temam to show that the strong solutions of the time-dependent magnetohydrodynamics equations in a periodic domain are analytic in time with values in a Gevrey class of functions. As immediate corollaries we find that the solutions are analytic in H r -norms and that the solutions become smooth immediately after the initial time.
Introduction
The non-dimensional form of the magnetohydrodynamics (MHD) equations is where u = .u 1 .x; t/; u 2 .x; t/; u 3 .x; t// is the velocity of the particle of fluid which is at point x at time t, B = .B 1 .x; t/; B 2 .x; t/; B 3 .x; t// is the magnetic field at point x at time t, f = f .x; t/ is a volume density force, R e is the Reynolds number, R m is the magnetic Reynolds number and S = M 2 =.R e R m /, where M is the Hartan number. These equations are important in the physics of plasma. The existence of weak and strong solutions and some regularities have been established by Sermange and Temam [3] .
In this paper, we will consider the Gevrey class regularity of MHD equations in a periodic domain in Ê N with N = 2 or 3 following the method used by Foias and Sangjeong Kim [2] Temam [1] . In that paper Foias and Temam showed that the strong solutions of the Navier-Stokes equations in a periodic domain are analytic in time with the values in a Gevrey class of functions. We will prove a similar result for the MHD equations using a similar method. The organization of this paper is as follows. In Section 2, we introduce some function spaces. In Section 3, we introduce known results about existence, uniqueness and regularity. In Section 4, we prove the main theorem, namely we establish Gevrey class regularity and derive some related regularity properties.
Function spaces
We supplement the system (1.1)-(1.3) with the following initial and boundary conditions:
for all x ∈ Ê N and t > 0, where L is the period and {e i } N i =1 is an orthonormal basis of the space. But we will regard L to be 2³ for notational simplicity. When the dimension of the space is N = 2, we classically define the operators curl u = @u 2 =@ x 1 − @u 1 =@ x 2 for every vector function u = .u 1 ; u 2 / and curl = .@ =@ x 2 ; −@ =@ x 1 / for every scalar function . We recall the two-dimensional formula curl curl u = grad div u − 1u;
(2.3) which corresponds to the three-dimensional formula curl curl u = grad div u − 1u:
The two-dimensional MHD equations are (1.1)-(1.3) with the term curl.curl B/ replacing curl.curl B/. Thus if div u = 0, then curl curl u = −1u. Let T > 0 and let X be a Banach space. We shall consider L p .0; T ; X/, 1≤ p≤∞, which is the space of functions from [0; T ] into X, which are L p for the Lebesgue measure dt. This is a Banach space for the norm
We denote by L 2 .É/ the space of Ê N -valued functions on É which are square integrable for the Lebesgue measure dx = dx 1 · · · dx N . This is a Hilbert space for the scalar product
Using Fourier series expressions we can identify L 2 .É/ with the space of functions u satisfying
(2.5)
For m ∈ AE, we also introduce
and V is the dual space of V . We equip V with the scalar product
which is a scalar product on H 1 .É/.
We also introduce the spaces Î and À:
We equip À with the scalar products We define an operator ∈ Ä .V ; V / to be such that
We also consider as an unbounded operator on H whose domain is
Since we consider divergence-free functions on a periodic domain, is actually −1.
And since is a nonnegative symmetric functional, we can define Þ and the domain of Þ is the set of functions u such that
For − > 0 given, we consider also the Gevrey class .e − 1=2 /, that is, the set of functions u satisfying
with inner product
Thus u ∈ ∞ k=1 H k . By Sobolev imbedding, we get u ∈ ∞ . We define now a trilinear form on
whenever the integrals make sense. We know the trilinear form b is continuous on .H 1 .É// 3 [4] . Thus we can define a continuous bilinear operator from
Known results
Let T > 0 be given and let us assume that . p; u; B/ is a smooth solution of ( 
We also multiply (1.2) by a test function C ∈ V and integrate over É, then @ @t
Thus we define a strong solution of the MHD equations. Using operators and , the previous equations, (3.1) and (3.2), may be written as @u @t
The following result about existence and uniqueness is known [3] . 
Gevrey class regularity
LEMMA 4.1. Let u, v, w be given in . e − 1=2 /, − > 0. Then the following inequalities hold in space dimension N = 2 or 3:
where c > 0 is independent of u, v, w, − .
PROOF. We set u = j∈ N u j e i j·x , u * = j∈ N u * j e i j·x , u * j = e − | j| u j and use similar notation for v and w. We have . .u; v/;
Then the right-hand side of (4.1) is equal to the integral É ¾.x/ .
Then by the Nirenberg inequality,
Assume N = 2. Then by the Nirenberg inequality,
And by similar calculation we obtain
Now we obtain the following theorem. We introduce some norms for 8 = .u; B/ as follows: This shows that the solution of (4. On the other hand, By the above theorem, the right-hand side of the above inequality goes to zero. Thus the left-hand side of the above inequality also goes to zero. Thus 9 is analytic in H k+1 -norms. And 9 is analytic in L 2 -norms by similar reasoning. 
